Abstract. We show that any solution of a smooth first order dynamic equation can be made Lyapunov stable at will by the choice of an appropriate time-dependent Riemannian metric.
Introduction
The Lyapunov matrix of a first order dynamic equation is defined as the coefficient matrix of the variation equation, and its properties are used as a criteria of stability of solutions of this equation [1, 4] . The problem is that the Lyapunov matrix is not a tensor under coordinate transformations, unless they are linear and time-independent. For instance, any first order dynamic equation defines a coordinate atlas such that its solution is constant on each coordinate chart (see Proposition 1 below) and, consequently, the Lyapunov matrix vanishes.
We introduce the covariant Lyapunov tensor of a first order dynamic equation and study the Lyapunov stability of solutions when this tensor is negative-definite. The covariant Lyapunov tensor essentially depends on the choice of a Riemannian metric. We show that, if a dynamic equation is defined by a complete vector field, the Lyapunov exponent of its solution can be made equal to any real number with respect to the appropriate time-dependent Riemannian metric. It follows that chaos in dynamical systems described by smooth (C ∞ ) first order dynamic equations can be characterized in full by time-dependent Riemannian metrics.
Geometry of first order dynamic equations in non-autonomous mechanics
Let R be the time axis provided with the Cartesian coordinate t and transition functions t ′ = t+const. In geometric terms, a (smooth) first order dynamic equation in nonautonomous mechanics is defined as a vector field γ on a smooth fibre bundle
which obeys the condition γ⌋dt = 1 [5] , i.e.,
The associated first order dynamic equation takes the forṁ
where (t, y λ ,ṫ,ẏ λ ) are holonomic coordinates on T Y . Its solutions are trajectories of the vector field γ (2). They assemble into a (regular) foliation F of Y . Equivalently, γ (2) is defined as a connection on the fibre bundle (1) .
A fibre bundle Y (1) is trivial, but it admits different trivializations
distinguished by fibrations Y → M. Moreover, Proposition 1 below appeals to an atlas of Y as a fibred manifold. If there is a trivialization (4) such that, with respect to the associated coordinates, the components γ λ of the connection γ (2) are independent of t, one says that γ is a conservative first order dynamic equation on M.
Proposition 1. Given a first order dynamic equation γ, there exists an atlas Ψ = {(U; t, y a )} of a fibred manifold Y → R with time-independent transition functions y ′a (y b ) such that any solution s of γ on each chart (U; t, y a ) reads
Proof. The atlas Ψ is an atlas of adapted coordinates for the foliation F of trajectories of the vector field (2) [7] . 2 Proposition 2. Let the vector field γ (2) be complete, i.e., there is a unique global solution of the dynamic equation γ through each point of Y . Then there is a trivialization (4) of Y such that any solution s of γ reads
with respect to associated bundle coordinates (t, y a ).
Proof. If γ is complete, the foliation F of its trajectories is a fibration of Y along these trajectories onto any fibre of Y , e.g., Y t=0 ∼ = M. This fibration yields a desired trivialization [5, 6] . 2 One can think of the coordinates (t, y a ) in Proposition 2 as being the initial date coordinates because all points of the same trajectory differ from each other only in the temporal coordinate.
Let us consider the canonical lift V γ of the vector field γ (2) onto the vertical tangent bundle V Y of Y → R. With respect to the holonomic bundle coordinates (t,
This vector field obeys the condition V γ⌋dt = 1, and defines the first order dynamic equatioṅ 
The covariant Lyapunov tensor
The collection of coefficients
of the variation equation (6b) is called the Laypunov matrix. Clearly, it is not a tensor under bundle coordinate transformations of the fibre bundle Y (1). Let us bring l µ λ into a covariant tensor.
The stability conditions of Lyapunov for solutions of a first order dynamic equation involve the notion of a distance between different solutions at an instant t. Therefore, let a fibre bundle Y → R be provided with a Riemannian fibre metric g, defined as a section of the symmetrized tensor product
With respect to the holonomic coordinates (t, y λ , y λ ) on V * Y , it takes the coordinate form
where {dy µ } are the holonomic fibre bases for V * Y . Given a first order differential equation γ, let
be the canonical lift of the vector field γ (2) onto V * Y . It is a connection on V * Y → R. Let us consider the Lie derivative L γ g of the Riemannian fibre metric g along the vector field V γ (9). It reads
This is a tensor with respect to any bundle coordinate transformation of the fibre bundle (1). We agree to call it the covariant Lyapunov tensor. If g is an Euclidean metric, it comes to symmetrization
of the Lyapunov matrix (7). Let us point the following two properties of the covariant Lyapunov tensor.
(i) Written with respect to the atlas Ψ in Proposition 1, the covariant Lyapunov tensor is
(ii) Given a solution s of the dynamic equation γ and a solution s of the variation equation (6b), we have
The definition of the covariant Lyapunov tensor (10) depends on the choice of a Riemannian fibre metric on the fibre bundle Y . Proof. Let us choose the atlas of the initial date coordinates in Proposition 2. Using the fibration Y → Y t=0 , one can provide Y with a time-independent Riemannian fibre metric
where g 0 ab (y a ) is a Riemannian metric on the fibre Y t=0 and h(t) is a positive smooth function on R. The covariant Lyapunov tensor with respect to the metric (13) is
Putting h(t) = 1, we obtain L = 0. 2
The local Lyapunov stability
With the covariant Lyapunov tensor (10), we obtain the following variant of the stability condition of Lyapunov. By the instantwise distance ρ t (s, s ′ ) between two solutions s and s ′ of the dynamic equation γ at an instant t is meant the distance between the points s(t) and s ′ (t) in the Riemannian space (Y t , g(t)). Recall that a solution s of a first order dynamic equation g is said to be locally Lyapunov stable at an instant t ∈ R if, for any ε > 0, there is δ > 0 such that ρ t (s, s ′ ) < δ implies ρ t ′ (s, s ′ ) < ε for each t ′ which belongs to some half closed interval [t, .). Being locally Lyapunov stable with respect to g, a solution is so with respect to any Riemannian fibre metric on Y . 
for any t ′ ∈ [t, ) ⊂ π(U s ) and s ′ crossing U s .
Proof. Since the condition and the statement of Proposition 4 are coordinate-independent, let us choose a chart (U; t, y a ) of the bundle atlas Ψ in Proposition 1 which cover the point y. With respect to these coordinates, the covariant Lyapunov tensor takes the form (11). Restricted to U, the leaf s of the foliation F is an imbedded submanifold, and has an open tubular neighbourhood W , i.e., any trajectory in U intersecting W does not leave W . There is an open neighbourhood U y ⊂ U of the point y ∈ Y where the Lyapunov tensor L (10) holds negative-definite. Put W ′ = W ∩ U y . The foliation F restricted to the tubular W ′ defines its fibration
and the corresponding trivialization
There is an open neighbourhood V ⊂ Y π(y) ∩ W ′ of y in Y π(y) which can be provided with the normal coordinates (x a ) defined by the Riemannian metric g in Y π(y) and centralized at y. Let us consider the open tubular U s = ζ −1 (V ). It is a subbundle of the trivial bundle (15) endowed with the coordinates (t, x a ), t ∈ (, ). Without a loss of generality, put t = π(y) = 0. With respect to these coordinates, the solution s in U s reads s a (t) = 0. Let
be another solution crossing U s . The instantwise distance ρ t (s, s ′ ) between solutions s and s ′ is the distance between the points (t, 0) and (t, u) in the Riemannian space (Y t , g(t)). This distance does not exceed the length
of the curve
in the Riemannian space (Y t , g(t)). At the same time, we have
The temporal derivative of the function ρ t (s, s ′ ) (17) reads
Since the bilinear form ∂ t g ab = L ab is negative-definite at all points of the curve (18), the derivative (19) at all points t ∈ (, ) is also negative. Hence, we obtain
The inequality (14) shows that a solution of a first order differential equation which obeys the condition of Proposition 4 is locally Lyapunov stable at an instant t. Moreover, one can say that it is isometrically stable at t, and is so in some neighbourhood of t. Given another Riemannian fibre metric on Y , this solution remains locally Lyapunov stable, but need not be isometrically stable. 
for any t > t 0 and any solution s ′ ⊂ U s .
One can say that a solution s in Proposition 5 obeys the isometric asymptotic stability of Lyapunov. Of course, it is also asymptotically stable, but so is any solution of a smooth dynamic equation as follows.
Proposition 6. Any solution of any first order dynamic equation defined by a complete vector field (2) is Lyapunov stable at each instant of time and is asymptotically Lyapunov stable.
Proof. These properties obviously hold with respect to the Riemannian fibre metric (13) in Proposition 3 where h = 1, and so do with respect to any Riemannian fibre metric on Y .
2
It follows that a solution of a first order dynamic equation is Lyapunov unstable only if this equation is given by a non-complete vector field γ (2). In this case, there exists a local (but not necessarily global) Riemannian fibre metric on Y such that a solution s of γ is locally stable at a given instant t.
One can improve Proposition 6 as follows.
Proposition 7. Let λ be a real number. Given a dynamic equation γ defined by a complete vector field γ (2) and its solution s, there is a Riemannian fibre metric on Y such that the Lyapunov spectrum reduces to λ.
Proof. Recall that the (upper) Lyapunov exponent of a solution s ′ with respect to a solution s is defined as the limit
Let provide the fibre bundle Y with the Riemannian fibre metric (13) in Proposition 3 where h = exp(λt). A simple computation shows that the Laypunov exponent (21) with respect to this metric is exactly λ. K(s, s ′ ) = λ is negative, the solution s is said to be exponentially Lyapunov stable. If there exists at least one positive Lyapunov exponent, one speaks on chaos in a dynamical system [3] . Proposition 7 shows that chaos in smooth dynamical systems can be characterized in full by time-dependent Riemannian metrics.
